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ABSTRACT 
The dynamics of antiferromagnets is a current hot topic in condensed matter physics and 
spintronics. However, the dynamics of insulating antiferromagnets cannot be excited by an 
electric current, which is a method usually used to manipulate ferromagnetic metals. Here, we 
propose to use the voltage-controlled magnetic anisotropy gradient as an excitation source to 
manipulate insulating antiferromagnetic textures. We analytically and numerically study the 
dynamics of an antiferromagnetic skyrmion driven by a magnetic anisotropy gradient. Our 
analytical calculations demonstrate that such a magnetic anisotropy gradient can effectively 
drive an antiferromagnetic skyrmion towards the area of lower magnetic anisotropy. The 
micromagnetic simulations are in good agreement with our analytical solution. Furthermore, 
the magnetic anisotropy gradient induced velocity of an antiferromagnetic skyrmion is 
compared with that of a ferromagnetic skyrmion. Our results are useful for the understanding 
of antiferromagnetic skyrmion dynamics and may open a new way for the design of 
antiferromagnetic spintronic devices. 
 
PACS: 75.50. Ee, 75.78.Fg, 75.78.-n, 75.30.Gw 
Keywords: Skyrmion, Antiferromagnet, Perpendicular Magnetic Anisotropy, Spintronics 
  
arXiv:1808.08664 [cond-mat.mes-hall] 
Page 3 of 19 
Introduction. – Skyrmions are topologically protected magnetic textures that have been 
experimentally observed in chiral materials (for examples, MnSi [1], Fe1−xCoxSi [2], FeGe 
[3], Cu2OSeO3 [4], and ultrathin Pt/Co/MgO nanostructures [5]) without inversion symmetry. 
Skyrmion-based racetrack memory [6-9] has attracted great interest, where magnetic 
skyrmions are used as information carriers. Compared to domain walls, skyrmions have 
advantages of nanoscale size and topological stability. Moreover, experiments have shown 
that skyrmions require a depinning current density of ~ 106 A/m2 [10, 11], which is much 
smaller than that of domain walls (~ 1010 − 1012 A/m2) [12, 13]. Various methods have been 
proposed to drive magnetic skyrmions, such as by employing electric currents [7-9, 14], spin 
waves [15], magnetic field gradients [16], and temperature gradients [17]. Recently, it has 
been experimentally and theoretically demonstrated that voltage-controlled magnetic 
anisotropy (VCMA) gradient can be used to drive and control the motion of ferromagnetic 
skyrmions [18-21]. Such a VCMA effect has been experimentally proven in many systems, 
such as in Ir/CoFeB/MgO [22], Ta/CoFeB/MgO [23], Pt/Co [24, 25], and Fe/Co/MgO [26] 
systems. 
On the other hand, antiferromagnets with compensated magnetic sublattices have 
attracted great attention [27-41] and are promising as candidate materials for advanced 
spintronic devices due to their zero stray fields and ultrafast magnetization dynamics. 
Theoretical calculations demonstrate the existence of stable skyrmions in antiferromagnets 
[42-44]. Compared to ferromagnetic (FM) skyrmions, antiferromagnetic (AFM) skyrmions 
are ideal information carriers because they have no skyrmion Hall effect [42-45]. However, it 
is difficult to manipulate the AFM skyrmion using the magnetic field due to the zero net 
magnetic moments of a perfect antiferromagnet, and also the dynamics of the insulating 
antiferromagnet cannot be induced by an electric current [32, 46-48]. A vital question is how 
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to drive an insulating AFM skyrmion. Therefore, alternative methods are crucial and have 
been explored, for example, using temperature gradients [30, 49] and spin waves [27]. 
In this work, we analytically and numerically study the magnetization dynamics of an 
AFM skyrmion under a voltage-controlled magnetic anisotropy gradient. Such a magnetic 
anisotropy gradient is a new method to manipulate an AFM texture and could be used in the 
insulating AFM materials. Our results show that an AFM skyrmion will move towards the 
area with lower anisotropy, and the speed of an AFM skyrmion can reach 500 m/s driven by a 
magnetic anisotropy gradient in principle. 
 
Model and simulation. – We consider an AFM film with two sublattices having magnetic 
moments M1(r, t) and M2(r, t), |M1| = |M2| = MS/2 with the saturation magnetization MS. The 
total magnetization is M(r, t) = M1(r, t) + M2(r, t) and the staggered magnetization is l(r, t) = 
M1(r, t) − M2(r, t), where the former is related to the canting of magnetic moments, and the 
latter gives the unit Néel vector n(r, t) = l(r, t)/l (l = |l(r, t)|) that could be used to describe 
configurations of AFM skyrmions. 
The AFM free energy can be written as [27, 32, 46, 47, 50-52] 
𝐸𝐸 = ∫𝑑𝑑𝑑𝑑[𝐴𝐴ℎ𝑴𝑴2 + 𝐴𝐴(∇𝒏𝒏)2 − 𝐾𝐾𝑛𝑛𝑧𝑧2 + 𝑤𝑤𝐷𝐷],                                    (1) 
where Ah and A stand for the homogeneous and inhomogeneous exchange constants, 
respectively, K is the perpendicular magnetic anisotropy (PMA) constant, which changes 
linearly with the longitudinal spatial coordinate x [see Fig. 1(a)], i.e., K(x) = K0 − x·dK/dx, 
and wD represents the energy density arising from the interfacial Dzyaloshinskii-Moriya 
interaction (DMI) [53-55], which stabilizes the Néel-type skyrmion [56] and is written as [51, 
52, 57, 58] 
𝑤𝑤𝐷𝐷 = 𝐷𝐷[𝑛𝑛𝑧𝑧∇ ∙ 𝒏𝒏 − (𝒏𝒏 ∙ ∇)𝑛𝑛𝑧𝑧],                                               (2) 
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where D is the DMI constant and n = sinθ(r)cosφex + sinθ(r)sinφey + cosθ(r)ez with the polar 
coordinates (r, φ). In this paper, the magnetic anisotropy gradient is assumed to be induced by 
applying a voltage to the sample with a wedged insulating layer [see Fig. 1(a)] [18, 59, 60] 
and dK/dx = 100 GJ/m4 unless otherwise addressed, which means that the magnetic 
anisotropy decreases by 10 kJ/m3 for every 100 nm increase in the spatial coordinate x. Such 
an anisotropy change of 10 kJ/m3 can be generated by a voltage of 0.1 V, where the 
experimental VCMA coefficient of 100 fJ/(V m) [22, 23] and the insulating layer thickness of 
~ 1 nm are adopted. 
Eq. (1) is widely used for the AFM free energy [51, 52, 57, 58], from which more 
specific forms can be obtained. In particular, assuming that M = 0 and an isolated AFM 
skyrmion [Fig. 1(c)] is in a thin film, Eq. (1) can be simplified to a one-dimensional form, 
which is identical to the free energy of a FM skyrmion [Fig. 1(b)] [61]. Further, using 
variational calculus yields 
𝑑𝑑2𝜃𝜃
𝑑𝑑𝑟𝑟2
+ 1
𝑟𝑟
𝑑𝑑𝜃𝜃
𝑑𝑑𝑟𝑟
= � 1
𝑟𝑟2
+ 𝐾𝐾
𝐴𝐴
� sin𝜃𝜃cos𝜃𝜃 − 𝐷𝐷sin2𝜃𝜃
𝐴𝐴𝑟𝑟
,                                    (3) 
where θ is the angle between n and the z-axis. Solving Eq. (3), one can obtain the profile of a 
metastable AFM skyrmion [51]. 
The variational derivatives of Eq. (1) yield the effective fields fM = − δE/μ0δM and fn = − 
δE/μ0δn with the vacuum permeability constant μ0, which are indispensable in magnetization 
dynamics of the AFM system. The magnetization dynamics in ferromagnets is governed by 
Landau-Lifshitz-Gilbert (LLG) equation [62], whereas in AFM system, the dynamics of M 
and n are controlled by the following two coupled equations [27, 46], 
?̇?𝒏 = �𝛾𝛾𝒇𝒇𝑴𝑴 − 𝐺𝐺1?̇?𝑴� × 𝒏𝒏,                                                 (4a) 
?̇?𝑴 = (𝛾𝛾𝒇𝒇𝒏𝒏 − 𝐺𝐺2?̇?𝒏) × 𝒏𝒏 + �𝛾𝛾𝒇𝒇𝑴𝑴 − 𝐺𝐺1?̇?𝑴� × 𝑴𝑴,                              (4b) 
where γ is the gyromagnetic ratio, and G1 and G2 are the damping parameters. Based on Eq. 
(4), one can numerically simulate the evolution of staggered magnetization in 
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antiferromagnets and also obtain a dynamic equation expressed by the unit Néel vector n 
(see Ref. [63] for details) [46, 47], (1 + 𝐺𝐺1𝐺𝐺2)?̈?𝒏/𝛾𝛾 = 2𝐴𝐴ℎ𝜇𝜇0 (𝛾𝛾𝒇𝒇𝒏𝒏 − 𝐺𝐺2?̇?𝒏).                                         (5) 
Our analytical solutions for an AFM skyrmion driven by a magnetic anisotropy gradient are 
obtained based on Eq. (5). 
 
Analytical steady-motion velocity of an AFM skyrmion driven by a PMA gradient. – In the 
following, only a voltage-controlled PMA gradient along the x-direction is taken into account 
and other driving sources (e.g., currents) are not considered. Assuming that an AFM 
skyrmion is rigid and will eventually move steadily in the thin film, we take the scalar 
product of Eq. (5) with ∂in and then integrate over the space, it gives the AFM skyrmion 
velocity induced by a PMA gradient (see Ref. [63] for details), 
𝑣𝑣𝑥𝑥,AFM = 𝛾𝛾𝛾𝛾𝜇𝜇0𝑀𝑀𝑆𝑆𝛼𝛼𝑑𝑑 𝑑𝑑𝐾𝐾𝑑𝑑𝑥𝑥 ,                                                       (6a) 
𝑣𝑣𝑦𝑦,AFM = 0,                                                                    (6b) 
where u and d are calculated as, 
𝑑𝑑 = ∫𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ∂𝑥𝑥𝒏𝒏 ∙ ∂𝑥𝑥𝒏𝒏 = ∫𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ∂𝑦𝑦𝒏𝒏 ∙ ∂𝑦𝑦𝒏𝒏,                                     (7a) 
𝑢𝑢 = ∫𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(1 − 𝑛𝑛𝑧𝑧2),                                                      (7b) 
and α = G2/l. Equation (6a) shows that the AFM skyrmion moves towards the area with lower 
magnetic anisotropy and the velocity is proportional to 1/α and dK/dx. It also means that 
applying an opposite voltage can drive an AFM skyrmion towards the inverse direction since 
an opposite voltage results an inverse dK/dx [25]. 
It can be seen from Eq. (7) that the values of u and d are determined by the profile of 
AFM skyrmions. The profile of the skyrmion can be approximated by [61], 
Cdθ/dr = − sinθ,                                                           (8) 
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where C is a constant, which equals the domain wall width parameter Δ = (A/K)1/2 for the 
straight domain wall. Then we can find 
u ≈ 4πRsC, d ≈ 2π(Rs/C+C/Rs),                                               (9) 
where Rs is the skyrmion radius and sinθ ≠ 0 only for r ≈ Rs [61]. The skyrmion radius Rs is 
given by [61] 
𝑅𝑅𝑠𝑠 ≈
∆
�2−2𝐷𝐷/𝐷𝐷𝑐𝑐,                                                         (10) 
where Dc = 4(AK)1/2/π. In order to obtain the coefficient C, Eq. (3) is combined with Eq. (8) 
and integrated over one period. Then, C is obtained as (see Ref. [63] for details) 
𝐶𝐶 ≈
∆
�∆2/𝑅𝑅𝑠𝑠2+1�1/2.                                                           (11) 
Substituting it into Eq. (6a), the velocity of skyrmion takes the form 
𝑣𝑣𝑥𝑥,AFM ≈ 2𝛾𝛾𝜇𝜇0𝑀𝑀𝑆𝑆𝛼𝛼 𝑑𝑑𝐾𝐾𝑑𝑑𝑥𝑥 𝑅𝑅𝑠𝑠2𝑅𝑅𝑠𝑠2/∆2+2.                                                 (12) 
Eq. (12) shows that the velocity of an AFM skyrmion also increases for larger skyrmions, 
which can be resulted from increasing D or decreasing K. 
 
Numerical velocity of an AFM skyrmion driven by a PMA gradient. – In order to verify the 
analytical results, we now simulate the motion of the Néel-type AFM skyrmion based on Eq. 
(4). A metastable AFM skyrmion is relaxed initially and then a PMA gradient is applied. The 
velocity components are (vx, vy) = (Ṙx, Ṙy), where (Rx, Ry) is the guiding center of skyrmion 
and defined as 
𝑅𝑅𝑖𝑖 = ∫𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦�𝑖𝑖𝒏𝒏∙�𝜕𝜕𝑥𝑥𝒏𝒏×𝜕𝜕𝑦𝑦𝒏𝒏��∫𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦�𝒏𝒏∙�𝜕𝜕𝑥𝑥𝒏𝒏×𝜕𝜕𝑦𝑦𝒏𝒏�� ,   i = x, y.                                      (13) 
Figure 2 shows vx and Rx of an AFM skyrmion as functions of time for dK/dx = 100 
GJ/m4 and α = 0.002. In Fig. 2(a), the AFM skyrmion is first accelerated to ~ 450 m/s in 0.2 
ns and then increases slowly to 504 m/s by t = 0.5 ns. The velocity cannot reach a constant 
value due to the change of the skyrmion size induced by the decreasing K. As shown in Fig. 
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2(c), the radius of the AFM skyrmion at t = 0.5 ns is larger than that of the initial state. When 
the AFM skyrmion moves in the positive x-direction, the decreasing K results in the increase 
of skyrmion size, giving rise to the slow increase of the speed. Such an effect also exists in 
the case of FM skyrmion driven by a magnetic anisotropy gradient, as reported in Ref. [19]. 
Figure 2(b) shows the dependence of AFM skyrmion velocity on magnetic anisotropy K0. 
The velocity increases with the decrease of K0 since a decreasing K0 results in a larger 
skyrmion, as shown in Figs. 2(c) and 2(d). The analytical velocities given by Eq. (12) are also 
shown in Fig. 2(b), where Rs is adopted as the skyrmion radius at t = 0 ns. It can be seen that 
the analytical and numerical velocities are in good agreement, especially for the larger K0 
since the change of skyrmion size is negligible when K0 > 0.8 MJ/m3. 
Figure 3 shows the dependences of the velocity on the anisotropy gradient and damping 
constant. To obtain the steady velocity, we adopt K0 = 0.8 MJ/m3 and α = 0.02 ~ 0.2. The 
AFM skyrmion moves slowly and the change of skyrmion size is negligible. Thus, a steady 
velocity can be reached at t = 0.2 ns (see Ref. [63] for details). The velocity of an AFM 
skyrmion is proportional to the anisotropy gradient dK/dx [see Fig. 3(a)] and 1/α [see Fig. 
3(b)], as expected from Eq. (6). It can be seen that numerical results are in a good agreement 
with the analytical results. When dK/dx = 100 GJ/m3 and α = 0.1, the velocity of an AFM 
skyrmion reaches 8.17 m/s. We also simulate the current-induced motion of an AFM 
skyrmion for the purpose of comparison. It is found that the AFM skyrmion can gain the 
velocity of 8.17 m/s when the current density j = 9.1 × 109 A/m2. The simulation details of 
current-induced motion are given in Ref. [63]. It is worth mentioning that compared to the 
current, the VCMA gradient as a driving source has some advantages in applications, for 
instance, reducing the Joule heating. The wedge heterostructures with finite length can be 
used to build the horizontal racetrack memory, as proposed in Ref. [64]. When these devices 
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are chained together, the AFM or FM skyrmion will stop at the joint due to the increase of 
magnetic anisotropy, which can also be used to build skyrmion-based diode in principle [65]. 
The velocities of a FM skyrmion driven by a PMA gradient are also shown in Fig. 3. 
The simulation details are given in Ref. [63]. It can be seen that the velocity of AFM 
skyrmion is much larger than that of FM skyrmion under the same PMA gradient. For a FM 
skyrmion, the velocity can be obtained by solving the Thiele equation [66] (see Ref. [63] for 
details), 
𝑣𝑣𝑥𝑥,FM = 𝛼𝛼𝑑𝑑𝐹𝐹𝛾𝛾𝛾𝛾𝐹𝐹𝜇𝜇0𝑀𝑀𝑆𝑆[(4𝜋𝜋𝜋𝜋)2+(𝛼𝛼𝑑𝑑𝐹𝐹)2] 𝑑𝑑𝐾𝐾𝐹𝐹𝑑𝑑𝑥𝑥 , 𝑣𝑣𝑦𝑦,FM = 4𝜋𝜋𝜋𝜋𝛾𝛾𝛾𝛾𝐹𝐹𝜇𝜇0𝑀𝑀𝑆𝑆[(4𝜋𝜋𝜋𝜋)2+(𝛼𝛼𝑑𝑑𝐹𝐹)2] 𝑑𝑑𝐾𝐾𝐹𝐹𝑑𝑑𝑥𝑥 ,                  (14) 
where Q is the ferromagnetic topological number, 𝑢𝑢𝐹𝐹 = ∫𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(1 −𝑚𝑚𝑧𝑧2)  and 𝑑𝑑𝐹𝐹 =
∫𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ∂𝑥𝑥𝒎𝒎 ∙ ∂𝑥𝑥𝒎𝒎 = ∫𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ∂𝑦𝑦𝒎𝒎 ∙ ∂𝑦𝑦𝒎𝒎. According to Eq. (6), the AFM skyrmion speed is 
larger than the FM skyrmion speed  �𝑣𝑣𝑥𝑥,FM2 + 𝑣𝑣𝑦𝑦,FM2 = 𝛾𝛾𝛾𝛾𝐹𝐹𝜇𝜇0𝑀𝑀𝑆𝑆 1�(4𝜋𝜋𝜋𝜋)2+(𝛼𝛼𝑑𝑑𝐹𝐹)2 𝑑𝑑𝐾𝐾𝐹𝐹𝑑𝑑𝑥𝑥  with the same 
parameters. Moreover, the directions of AFM and FM skyrmion motion are significantly 
different. In particular, for a very small damping, a FM skyrmion moves almost along the y-
direction, i.e., perpendicular to the gradient direction, similar to the case where the magnetic 
field gradient is adopted to drive a FM skyrmion [16, 67]. For small α, the velocity of a FM 
skyrmion can be approximated as 𝑣𝑣𝑥𝑥,FM ≈ 0, 𝑣𝑣𝑦𝑦,FM ≈ 𝛾𝛾𝛾𝛾𝐹𝐹𝜇𝜇0𝑀𝑀𝑆𝑆4𝜋𝜋𝜋𝜋 𝑑𝑑𝐾𝐾𝐹𝐹𝑑𝑑𝑥𝑥 , which shows that the FM 
skyrmion moves perpendicular to the gradient direction. The results are consistent with those 
reported in Ref. [19]. Meanwhile, an AFM skyrmion moves along the x-direction, i.e., 
parallel to the gradient direction. 
The velocities in Fig. 3 show that the AFM skyrmion has two obvious advantages 
compared to the FM skyrmion. First, the AFM skyrmion has no velocity in the y-direction (vy 
= 0) and moves perfectly parallel to the racetrack, so that it will not be destroyed by touching 
sample edges no matter how fast it moves. However, for the FM skyrmion, there is a 
transverse drift, i.e., the skyrmion Hall effect [68-70], which may cause the skyrmion to be 
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destroyed at the sample edge [71, 72]. Various ways have been proposed to overcome or 
suppress the skyrmion Hall effect, such as adopting an antiferromagnetically coupled bilayer 
geometry [45], using a curbed racetrack [72], or applying high PMA in the racetrack edge 
[71]. Second, the speed of an AFM skyrmion is larger than that of a FM skyrmion under the 
same driving force. 
These two advantages of the AFM skyrmion are due to the cancellation of the Magnus 
force. Since the magnetizations in two sublattices are opposite, an AFM skyrmion can be 
seen as the combination of two skyrmions with the opposite ferromagnetic topological 
number Q, [1, 6, 42, 43, 73]  𝑄𝑄 = − 1
4π
∫𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�𝒎𝒎 ∙ �∂𝑥𝑥𝒎𝒎 × ∂𝑦𝑦𝒎𝒎��,                                    (15) 
which equals ± 1 for an isolated skyrmion. The opposite Magnus forces (4πQez × v) acted on 
the skyrmion in each sublattice are counteracted perfectly, thus there is no skyrmion Hall 
effect, as reported in Refs. [42, 43]. In addition, based on Thiele equation, the velocity of an 
AFM skyrmion is much larger than that of a FM skyrmion. It should be mentioned that the 
steady velocities of AFM skyrmions and FM skyrmions induced by a magnetic anisotropy 
gradient are given by the same formula (see Ref. [63] for details), Eq. (6), if the Magnus 
force acting on the FM skyrmion is balanced by the forces of the surrounding environment. 
However, the FM skyrmion will be destroyed by touching the edge when it moves too fast 
due to large Magnus force. Our results can be extended to the antiferromagnetically exchange 
coupled bilayer system. As reported in Ref. [45], the Magnus forces acting on the skyrmions 
in the top and bottom FM layers are exactly cancelled when the interlayer AFM exchange 
coupling is strong enough. Therefore, for this case of strong interlayer AFM exchange 
coupling, the steady velocity of the AFM bilayer skyrmion driven by a magnetic anisotropy 
gradient can also be calculated by Eq. (6). 
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In summary, we demonstrate that the AFM skyrmion can be driven by a magnetic 
anisotropy gradient. This motion has been investigated analytically and numerically. The 
results show that its velocity is proportional to 1/α and dK/dx and can reach ~500 m/s. We 
also give an expression which reveals the effect of skyrmion size on the motion of an AFM 
skyrmion, it shows that an AFM skyrmion with larger size obtains higher velocity. The 
motion of AFM and FM skyrmions driven by an anisotropy gradient are also compared. It is 
found that the velocity of an AFM skyrmion is much larger than that of a FM skyrmion 
without showing skyrmion Hall effect. Our results provide a promising way to manipulate 
AFM textures for future spintronic applications. 
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FIG. 1. (a) A sketch of the voltage-controlled magnetic anisotropy device, where the voltage-
controlled magnetic anisotropy K linearly decreases with the increase of the spacial 
coordinate x for K0 = 0.75 MJ/m3 and dK/dx = 100 GJ/m4. The spin textures of (b) a 
ferromagnetic skyrmion and (c) an antiferromagnetic skyrmion. The magnetic parameters are 
adopted from Ref. [14], that is, MS = 580 kA/m, K0 = 0.75 MJ/m3 ~ 0.85 MJ/m3, A = 15 pJ/m, 
D = 4 mJ/m2, α = 0.002 ~ 0.2, γ = 2.211 × 105 m/(A s). In the simulation, we employed a 
square lattice model. The model size is 400 × 100 × 0.6 nm3 and mesh size is 1 × 1 × 0.6 nm3. 
  
arXiv:1808.08664 [cond-mat.mes-hall] 
Page 18 of 19 
 
FIG. 2. (a) The evolution of velocity vx and position Rx for an AFM skyrmion induced by a 
magnetic anisotropy gradient for K0 = 0.75 MJ/m3. (b) The influence of magnetic anisotropy 
K0 on velocity vx, where symbols stand for the numerical velocity at t = 0.5 ns, whereas the 
line is calculated using Eq. (12). (c)-(d) The top-views of the AFM skyrmion motion with K0 
= 0.75 MJ/m3 and 0.8 MJ/m3, respectively. In the simulation, anisotropy gradient dK/dx = 
100 GJ/m4 is used as the driving source, Ahl2 = 10 MJ/m3 is assumed, and the damping 
constant α (= G1l = G2/l) = 0.002. 
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FIG. 3. The numerical (symbols) and analytical (lines) velocities of an AFM skyrmion and a 
FM skyrmion. (a) The velocities as functions of anisotropy gradient dK/dx for K0 = 0.8 
MJ/m3 and α = 0.1. (b) The velocities as functions of 1/α for K0 = 0.8 MJ/m3 and dK/dx = 100 
GJ/m4. Here, the numerical velocities are obtained at t = 0.2 ns, whereas the analytical results 
are based on Eqs. (6) and (14). 
